From Atomic Orbitals to Energy Bands

A step-by-step introduction to the electronic structure of solids and electrical conductivity

Stephan Bokelmann

Abstract

Why does copper conduct electric current while diamond does not? And why can silicon be
switched between insulating and conducting by tiny amounts of foreign atoms? This text
answers these questions in five steps, all of which follow from a single equation — the Schrédinger
equation: (1) A single atom possesses discrete energy levels (orbitals). (2) When two atoms
are brought together, each level splits into a bonding and an antibonding molecular orbital.
(3) When N =~ 10?3 atoms are brought together, the levels broaden into energy bands, between
which band gaps may lie. (4) The Pauli principle fills these bands from the bottom up; the
Fermi level describes how far. (5) Current flows precisely when there are partially filled bands.
All calculations are carried out explicitly and in small steps, and the original historical papers
are cited as sources. The only prerequisites are school mathematics (derivatives, complex
numbers) and the basic idea of the wave function.
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1 Introduction: the common thread

Let us first state plainly what electrical conductivity 4s on the microscopic level: a material
conducts if and only if it contains mobile charge carriers — in a solid, electrons that are free to
move through the entire crystal. This immediately raises the central question of this text. Every
atom consists of protons and electrons, so every material is full of electrons — why, then, are some
electrons mobile and others not? The distinction is subtle, because in a sense all electrons move:
even an electron firmly bound to its atom is in constant quantum motion within its orbital. But
this motion is confined — the electron circulates around one nucleus and, on average, transports
no charge anywhere. A mobile electron is different in kind: it can leave its atom and pass on to
the next one, and from there to the next, wandering through the whole crystal. Conductivity is
therefore not a question of whether electrons are present or whether they move, but of whether
the crystal offers them states in which this atom-to-atom travel is possible — and whether those
states are available to be used.

Answering when and why such states exist and are usable is the program of this text. Electrical
conductivity turns out not to be a standalone, mysterious material property; it is the macroscopic
consequence of three microscopic facts:

1. The Schrodinger equation determines which energies an electron in a given potential is
allowed to take at all (allowed states).

2. In a crystal made of very many atoms, these allowed energies form bands, separated by
forbidden band gaps.

3. The Pauli principle and the temperature determine which of these states are actually occupied.

The band states of point 2 are precisely the atom-to-atom travel states described above: as
we will compute in Section 5, every state in a band stretches across the entire crystal, with
the electron distributed over all atoms at once. Whether an electron in such a state actually
contributes to a current is then a question of point 3: current can only flow if electrons can move
into free states in their energetic neighborhood. Whether that is possible depends solely on how
the bands are occupied. A convenient measure for this is the Fermi level: it decides nothing — it is
a characteristic quantity that we compute from the number of electrons and the supply of states,
and from whose position relative to the bands we can directly read off the conduction behavior.
We now develop this line of reasoning from the ground up.



2 The tool: the time-independent Schrodinger equation

2.1 What the equation says

An electron is described by a wave function 9 (r); [¢(r)|? is the probability density of finding the
electron at position r.

This identification deserves a moment of honesty, because it is not a theorem: it is a postulate,
added to the theory by Max Born in 1926 [9] (famously, the square instead of the magnitude
appears only in a footnote added in proof). The Schréodinger equation itself says nothing about
what ¥ means; Born’s rule is the bridge between the theoretical object 1) and what a detector
registers, and it has survived a century of experiments. There are, however, strong reasons why
— if ¢ is to carry a probability interpretation at all — it must be exactly |i|?: first, ¢ itself is
complex and oscillates through negative values, while [¢)|? is automatically non-negative; second,
the Schrédinger equation conserves [ |42 dV in time (and no other power of |1]), exactly as a
total probability of 1 requires; third, interference experiments show that amplitudes add, not
probabilities — the double-slit pattern is |t/ + 2|2, in direct analogy to optics, where the intensity
is the square of the field amplitude. One might ask whether the logic could be run in reverse:
the probability density is what is measurable — can one reconstruct ¢ from it? Not uniquely:
the measured |¢|? is blind to the phase of ¢, and the phase is physically essential (it carries the
momentum and all capacity for interference). Reconstructing a quantum state from data therefore
requires measuring several complementary distributions, not just the position density. The wave
function remains the primary theoretical object; Born’s rule connects it to observation.

States with a sharp energy F satisfy the time-independent Schrodinger equation

2
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One can read it like a balance sheet: curvature of the wave function (kinetic part) plus potential
yields the total energy. The word curvature deserves a closer look, because it is the key to reading
the equation. Mathematically it refers to the second derivative V¢ (in one dimension simply
Y"): the first derivative gives the slope of the graph of v, the second tells how fast that slope
changes — how strongly the graph bends. A straight line has zero curvature; a rapidly oscillating
wave bends back and forth violently and has large curvature. Now look at where the curvature
sits in the equation: the kinetic term is —%V%ﬁ, so strong bending means high kinetic
energy. This is the wave version of a familiar fact: a short wavelength must bend on a short scale
(large curvature), and by de Broglie’s relation p = h/\ a short wavelength means large momentum,
hence large kinetic energy p?/2m. This one idea will do a lot of work in this text — for example, it
is why squeezing an electron into a smaller box raises its energy, and why every additional node
(a point where 1) must cross zero and therefore bend more) pushes a state’s energy upward.

Two boundary conditions are crucial, because they enforce the quantization:

e 1) must be finite and continuous everywhere;

e [|¥|?dV =1 - by Born’s rule, the integral of |1|? over any volume is the probability of
finding the electron within that volume; taken over all of space it is the probability of finding
the electron anywhere at all, and since the electron must be somewhere, this total must
equal 1. For the integral to stay finite, ¥ must vanish at infinity.

Who showed that the energies must be discrete? The idea that nature is quantized has a
longer history than the Schrodinger equation, and it began as an admitted mathematical trick. In
1900, Max Planck could only fit the measured blackbody radiation spectrum by assuming that
energy is exchanged between radiation and matter in packets E = hv [1] — an assumption he
himself later called an “act of desperation” and regarded for years as a formal device without



physical reality. It was Albert Einstein who in 1905 promoted the trick to physics: the photoelectric
effect shows that light itself behaves as if it consisted of such quanta [2]. Even that was far from
standard knowledge at the time — the light-quantum hypothesis was rejected by most leading
physicists (including Planck) and became broadly accepted only after the Compton experiments
of 1923. In 1913, Niels Bohr combined the quantum idea with Rutherford’s atom and postulated
that atoms possess only discrete energies, in order to explain the spectral lines of hydrogen [4] —
again by an ad-hoc rule (quantized angular momentum) that could not be justified from anything
deeper. The missing link came in 1924 from Louis de Broglie: matter has wave character, with
wavelength A = h/p [3]. Schrodinger, who knew de Broglie’s idea through Einstein’s papers on
gas theory, deliberately searched for the wave equation belonging to these matter waves — so the A
in his equation is Planck’s constant, inherited from a quarter century of quantum history.

What changed in 1926 is the status of the discreteness. In his paper “Quantisierung als
FEigenwertproblem” (“Quantization as an Eigenvalue Problem”) [5], Schrodinger derived it: where
Planck and Bohr had to put the quantization ¢n by hand, in Schrédinger’s treatment it comes out
— the allowed energies are the eigenvalues of equation (1), just as the allowed tones of a guitar
string are the eigenfrequencies of the string. The discreteness is not an additional assumption; it
follows solely from the requirement that the wave function satisfy the two boundary conditions
above. With that, the trick character of the quantum hypothesis disappeared. That is exactly
what we now verify in the simplest example.

2.2 Warm-up exercise: the particle in a box

Let an electron be trapped in a one-dimensional box of width L (Figure 1):

V(m):{o’ 0<xz<L, @

oo otherwise.

The infinitely high walls need unpacking, because two separate arguments hide in them. First:
why is ¥ = 0 outside the box? Outside, the potential energy is V = oo. If the electron had any
probability of being there (|| > 0), the energy balance of equation (1) would pick up an infinite
contribution V|1|? at that spot — but we are looking for states of finite energy E. The only way
to keep the balance finite is for the probability to vanish wherever the potential is infinite: ¢ = 0
everywhere outside. (For a wall of finite height this argument would fail, and indeed v then leaks
slightly into the wall — the infinite wall is the idealized limit in which the leakage is squeezed to
zero.) Second: why also directly at the walls? Because v must be continuous: [¢|? is a probability
density, and a density that jumps at a point would mean the probability of finding the electron
changes abruptly between two places that lie infinitesimally close together — moreover, a jump
in ¢ would produce an infinite curvature there, hence infinite kinetic energy. So the value of
1 just inside the wall must match the value just outside, and the outside value is 0. Together:

$(0) = ¥(L) = 0.



Particle in a box: only discrete energies fit

V=0 inside, V= » at the walls
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Figure 1: The potential box with the three lowest eigenstates. The box only accommodates
standing waves whose half wavelength is an integer fraction of L — hence the discrete energies.

Step by step

Step 1 — equation inside the box. There, V = 0. The Schrédinger equation becomes
one-dimensional and reads

2
I i) = By(e).

2m

We bring it into standard form by multiplying both sides by —2m/h? and introducing the
abbreviation k% = 2mFE/h%:
V' (z) = =k ¢(x).

In words: we seek a function whose second derivative reproduces the function itself with a
negative prefactor.

Step 2 — general solution. Sine and cosine have this property: (sin kx)"” = —k? sin kx
and (cos kx)"” = —k? cos kz. The most general solution is the superposition

Y(x) = Asin(kz) + B cos(kz)

with as yet undetermined constants A, B — the same equation and the same solution as for
the harmonic oscillator of mechanics.
Step 3 — first boundary condition. At the left edge we must have ¢(0) = 0. Inserting
xz=0: '

¥(0) = Asin0+Bcos0 = B = 0.

=0 =1

So the cosine part drops out: ¢(x) = Asin(kz).
Step 4 — second boundary condition. At the right edge we must have (L) = 0:

Asin(kL) = 0.

A = 0 is ruled out (then ¢ would be zero everywhere — no electron). What remains is
sin(kL) = 0, and the sine vanishes only at the points 0,7, 27,37, ... Thus

nm

kL =nm — k‘n:f, n=123,...




Here is where the quantization happens: not every wavenumber is compatible with the
boundary conditions, but only countably many. (n = 0 would again give 1) = 0; negative n
yield the same function with opposite sign, hence no new state.)

Step 5 — energies. We solve the definition of k from Step 1 for E, E = h?k?/2m, and
insert ky,:

22
hems o

En = L2

n=1,23...

Step 6 — normalization. One constant is still undetermined: the amplitude A. The
boundary conditions cannot fix it, because the Schrédinger equation is linear — any multiple
of a solution is again a solution. What fixes A is the probability interpretation: |(x)|?
is the probability density of finding the electron at x, and since the electron is certainly
somewhere in the box, the probabilities must add up to one,

L L
d:A/ Mge =22 L1 = A=,/Z.
/OW(:U)| 5 Osm<L):r > 7
(The integral is L/2 because sin? oscillates symmetrically between 0 and 1 and therefore
averages to 1/2 over full half-periods.) The energies do not depend on this step — but
without it, |¢)|*> would not be a probability density, and quantities such as expectation
values, which we will need from Section 4 on, would come out wrong by an arbitrary factor.

Two observations that we will encounter again:

e The energies are discrete — a direct consequence of the confinement, not of any additional
assumption.

o The larger the box (L 1), the closer together the levels move. This is worth seeing explicitly:
the spacing between two neighboring levels is
h271'2 h2 2

E,o.1—FE, = —— 12 —-n?=——2n+1
i1 — En, QmLQ[(rH-) n”] - 2n+1) x

Iz
Doubling L therefore shrinks every level spacing by a factor of four. Numbers make the
point drastic: for an electron in a box of atomic size, L = 1 nm, the ground state lies at
By = h?7?/2mL? =~ 0.38eV — level spacings of this order are easily observable. In a box
of crystal size, L = 1cm, the same formula gives E; ~ 3.8 x 10715 ¢V, fourteen orders of
magnitude smaller and far below any measurable resolution. A macroscopic crystal is a
gigantic box — its levels lie so densely that they act like a continuum. That is exactly what
a band will be.

Confinement = discrete levels (Schrodinger 1926: energies are eigenvalues). A larger “box”
= more densely spaced levels. Bands are nothing other than extremely densely spaced
levels of a macroscopically large system.

3 The single atom: discrete orbitals

3.1 The Coulomb potential
In the atom, the “box” is not a rectangle but the potential funnel of the nucleus with charge Ze:

o2
Vi) = _47{50 r ®)




To save writing, from now on we use atomic units (h = m, = e = 4weg = 1). In these units, 1 unit
of energy (Hartree) = 27.2¢6V, 1 unit of length (Bohr radius ag) = 0.529 A. The potential then
reads simply V(r) = —Z/r. Figure 2 shows a one-dimensional cut through this funnel together
with the energy levels that we will compute shortly; Figure 3 shows the two-dimensional picture.

Coulomb funnel with the discrete hydrogen levels
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Figure 2: One-dimensional cut through the Coulomb funnel. Unlike the box, the walls are soft
and become thinner towards the top — which is why the levels move closer together towards the
top rather than farther apart. Above F = 0 the electron is free (continuous spectrum).

Coulomb potential of a single nucleus

Figure 3: The potential funnel of a single nucleus in two dimensions. The electron is trapped in it
just as in the box — only with soft walls.

3.2 How to find the ground state

For the hydrogen atom (Z = 1) one finds the ground state not by guessing but through two
systematic considerations: first we look at how ¢ must behave far away from the nucleus; this
fixes the form of the solution. Then we insert this form into the full equation; this fixes the energy.



Step by step

Step 1 — Laplacian for spherically symmetric functions. First, which Laplacian
are we starting from? The atom is three-dimensional, so the operator in the Schrédinger
equation is the full Cartesian one,
0? 0? 0?
V= S+ 5+ —.
ox2  0y? 022
Because the potential —Z/r depends only on the distance r, it is convenient to rewrite this
operator in spherical coordinates (7,0, ), where it takes the form
10
_19 (rz%
r29r\  Or
The ground state has no reason to single out any direction; we therefore seek a 1 that
depends only on r. For such a function all angular derivatives vanish, and the remaining
radial part can be compactly rewritten (as one checks by carrying out both derivatives) as
1.dy,d 1 d?
viy= L (ett) L0
r? dr dr rdr
and with the substitution u(r) = r(r) the Schrédinger equation becomes the ordinary
differential equation

V24 ) + (terms with derivatives in 6, ¢).

(ry),

1, Z
—— - — =F .
50 (r) = = u(r) = Bu(r)
Step 2 — behavior for large r. Far away from the nucleus, Z/r is negligibly small, and
what remains is

v~ -2Fu= HQ’U,, k=+V-—-2F

(bound states have E < 0, so & is real). The solutions are et*" and e *". The growing
solution violates normalizability — the electron would be “at infinity”. So the wave function
must decay like e™"" for large r. This motivates the simplest possible ansatz:

K

—RT

u(r)=re (the factor r, so that ¢¥» = u/r stays finite at the origin).

Step 3 — inserting the ansatz. Differentiating twice with the product rule:

u=(1—-kr)e ",
= —ke ™™ + (1 — kr)(—k) e = (K2r — 2K) e,
Inserted into the equation from Step 1 (and canceling e™""):
1
—5(#;27” —2k)—Z=Er.

Step 4 — comparing coefficients. This equation must hold for every r. So the r-parts
and the constant parts must each match separately:

r-part: — %KJZ = E (automatically satisfied, since x* = —2F),

constant part: k—2Z2=0 = kK=1J2.

The ansatz therefore works only for exactly one value of x — and thus for exactly one energy:

2 Z2 o
Prs x e 27, B = —% == Z=1 —% a.u. = —13.6 eV.

This is exactly the measured ionization energy of hydrogen — the first great confirmation of
Schrodinger’s equation [5].




3.3 The higher levels

Why are there further bound states besides the ground state, and why precisely with the energies
E,, o< 1/n%? The answer comes from the same mechanism as before, only more systematically:
instead of the factor » we allow a whole polynomial in front of the exponential and see when the
boundary conditions can be satisfied. (We stick to spherically symmetric states, £ = 0; for £ > 0
the calculation proceeds analogously with the additional term £(¢ 4 1)/2r? in the potential.)

Step by step

Step 1 — ansatz with a polynomial. We set
u(r) = f(r)e ", f(r) = arr +agr® +azr® + - -

(f starts at r!, so that 1) = u/r stays finite at the origin).
Step 2 — inserting. By the product rule, v’ = (f” — 2kf’ + k?f)e™"". Inserted into
—1u” — Zy = Eu and simplified using x? = —2F, what remains is
27
=26+ =—f=0.
T

Step 3 — comparing coefficients power by power. Inserting the series and sorting by
powers of r yields, for the coefficient of r*~1, the recursion formula

. _2(/1]{:—Z)a

It determines all further coefficients from a; — the series can therefore be constructed for
every k. So where is the problem?

Step 4 — the series must terminate. For large k the recursion behaves like a1 ~ %"ak
— exactly the construction rule of the exponential series of e2*". If the series does not
terminate, f ~ 2" grows, and u = fe " ~ e blows up: not normalizable. The
only way out: a numerator of the recursion must become zero, so that from there on all
coefficients vanish. That happens at kk = Z for some k = n:

VA K2 7=
== = E,=——=—— =1,2,3,...
K: n n 2 2"’]/27 n b B

Once again the boundary condition (normalizability) enforces the quantization.
Step 5 — check against the first two cases. n = 1: termination already at £k = 1,
so f = air and k = Z — exactly the ground state from above. n = 2: k = Z/2, and the

recursion gives

20k-1—-2
agz(ﬁla)al:(f@—Z)al:—Qal,

hence u oc 7 (1 — Zr)e=2"/? and thus
zZry _
Ros(r) o (1 - 7)@ Zr/2,
This function has a zero at r = 2/Z — the excited state possesses a node. The pattern —

higher energy means more nodes — is already familiar from the box, and we will see it
again for molecules and bands.

Summarized for hydrogen (Z = 1):



n E, (au.) E, (eV) Orbitals
1 -1/2 —13.6 1s
2 —1/8 —3.40  2s, 2p
3 —1/18 —1.51  3s, 3p, 3d
Isolated atom:
discrete orbitals
ionisation threshold
0.0
E 3s, 3p, 3d
S -0.11
o 2s,2p
g
® -0.2
”:T —0.3 1
]
Y —0.41
g -051 =————1s

Figure 4: Discrete energy levels of an isolated atom. Each line is an allowed solution of the
Schrédinger equation.

3.4 The Pauli principle

How many electrons fit into one orbital? The answer was given by Wolfgang Pauli in 1925 — even
before Schrodinger’s equation — from the analysis of atomic spectra: two electrons can never agree
in all quantum numbers [6]. For this, Pauli had to postulate a then-mysterious “two-valuedness”
of the electron, which was interpreted in the same year by Uhlenbeck and Goudsmit as an intrinsic
angular momentum (spin) with the two orientations 7, [7]. The practical consequence:

Each orbital holds at most two electrons (spin up/down). This counting rule — not the
Coulomb force — will in the end decide between metal and insulator.

4 Two atoms: bonding and antibonding states

4.1 The potential changes
If a second nucleus approaches to a distance R, the two funnels add up:

Z A
r—Ra| |r—Rp|

Vmol(r) = (4)

Between the nuclei a region emerges in which both nuclei attract the electron (Figures 5 and 6).
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Potential of two nuclei at distance R

Figure 5: Potential of two nuclei at distance R.
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Figure 6: Cut along the internuclear axis: the potential barrier between the nuclei is lowered.

4.2 Ansatz: linear combination of atomic orbitals (LCAO)

Solving the Schrédinger equation exactly in the two-center potential is laborious. The decisive
physical insight is due to Heitler and London (1927), who were the first to explain the covalent bond
of the Hy molecule quantum mechanically [12]; the formulation used here in terms of molecular
orbitals as linear combinations of atomic orbitals (LCAO-MO) goes back to Lennard-Jones and
Mulliken [15, 14].

The idea: if the electron sits close to nucleus A, it sees almost only that nucleus’s funnel —
there the solution should look approximately like the atomic orbital 1 4. Analogously for nucleus
B. A good approximate ansatz for the total solution is therefore the superposition

Y =caatcpyp (5)
with initially free coefficients c4,cp. Since both nuclei are identical, ||*> must not distinguish
between A and B; this forces |c4| = |cp|, and exactly two possibilities remain:

1
= + bonding), 6
Yy ) (Ya+¥B) ( g) (6)
1
e — antibonding). 7
b = g (W4~ ) ( ) (7
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Let us remember the structure of equation (5) well — in Section 5.2 we will apply the same ansatz,
with N instead of two terms, to the entire crystal.

4.3 The overlap integral

In the normalization factors the quantity

S(R) = [ 0a®) vu(r) v ®

appears, the overlap integral. The integrand is the product of both orbitals: it is appreciably
different from zero only where both wave functions are large at the same time — that is, in the
zone between the nuclei (Figure 7, left). S thus measures how strongly the orbitals interpenetrate:

e R — 0: the orbitals lie on top of each other, the integral becomes the normalization integral
[¢%dV =1,50 S — 1.

e R — oo: nowhere are both orbitals large at the same time, so S — 0.

For two 1s orbitals the integral can be computed in closed form (in elliptic coordinates; we

quote the result):
2

S(R) = e_R<1 + R+ %) (R in Bohr radii). (9)

At the bond length of the Hy molecule, R = 1.4aq, this gives S = 0.75 — the orbitals thus
interpenetrate massively (Figure 7, right).

Where does the value R = 1.4 a¢ come from? It is a measured quantity: R = 0.741 A=1.40aq,.
It was first determined in the 1920s from the band spectrum of molecular hydrogen: a rotating
molecule has quantized rotational energies E; = h%J(J + 1)/2I, so the spacing of the rotational
lines in the spectrum directly yields the moment of inertia I = uR? (with the reduced mass p) —
and from I one obtains R. The classic analysis of the hydrogen band spectrum is due to Hori
(1927) [13]; it provided exactly the number against which Heitler and London could test their
theory in the same year [12].

What is being integrated Overlap of two 1s orbitals
Ya 1.0 - EHZ bond length
iR=1.4a9, S=0.75
Ys — :
integrand yaws  &m .g :
+
(4
* 0.6
—
-
‘IllJ 0.4 -
<
n 0.2 1
T T T T T T 00 T - T T T T
-4 -2 0 2 4 6 0 2 4 6 8
position along the axis (Bohr radii) internuclear distance R (Bohr radii)

Figure 7: Left: the integrand 141 p (gray) lives in the zone between the nuclei. Right: the overlap
integral S(R) of two 1s orbitals as a function of the internuclear distance.

4.4 The energy splitting — computed explicitly

How large are the energies of the two combinations? For a normalized wave function, the mean
energy one would measure is the expectation value E = [ H 1) dV: at every point, Hi) contains

12



the local energy contribution, and the integral weights it with the probability amplitude . Our
combinations ¥4 + 15, however, are not normalized yet — their norm [?dV is not 1. We
could first normalize them by dividing by 4/ [ %2 dV; inserting that normalized function into the
expectation value produces the same factor twice (once for each 1), which is exactly why the
general formula is the quotient

_ JvHydv
- [yrav
The denominator simply repairs the missing normalization. We abbreviate the integrals that
appear:

E (10)

a= [vafiyaaV, 5= [vaftopav. (11)

« is the energy expectation value of the unchanged atomic orbital ¥ 4 in the molecular Hamiltonian
— approximately the old atomic level. 8 couples both orbitals and is therefore called the coupling
or resonance integral; like S, its integrand lives in the overlap zone, S is negative and grows in
magnitude with the overlap. By symmetry we also have [ v,bBﬁl/JA dV = and [ wBﬁwB dV = a.

Step by step

Step 1 — numerator for ¢, o« ¥4 + 1¥yp. We multiply out; four terms arise:

/wm+wmﬁwm+wde=¢;+¢;+¢;+<L=2m+6»
A-A  AB B-A BB

Step 2 — denominator. In the same way, with [¢¥41¢pdV = S and f@bi’B av =1:

/WA+W#WV=1+S+S+1=2Q+S)

Step 3 — forming the quotient, and likewise for 1)_ (there the cross terms change sign):

_a+f > _a—f
T 1+ 8 T 1-5"

Since § < 0, Ey lies below and E_ above the atomic level a. For small overlap (S < 1)
we have approximately F1 ~ a £ 3: the level splits symmetrically by 2|3| (Figure 8). For
large S the splitting becomes asymmetric: the antibonding state is raised more strongly
(1 — S in the denominator!) than the bonding state is lowered — this will become important
shortly for Hes.
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One atomic level splits into two molecular levels

: . a-p
W_ antibonding, E_ =
¢ amibonding 1-5
wa (atom A) ws (atom B)
. a+p
B E E =
w4+ bonding, E + 155

Figure 8: One atomic level becomes two molecular levels: bonding (lowered) and antibonding
(raised).

4.5 Intuitive interpretation: nodes cost energy

Why does 94 lie lower? In ¢4 the wave functions add up between the nuclei — exactly where the
potential is most attractive, a lot of electron density sits. In ¢ _ they subtract: right in the middle
a nodal plane with |¢|?> = 0 arises (Figure 9). The density is pushed out of the favorable region,
and the additional curvature of the wave function costs kinetic energy on top — the same more
nodes = more energy that we saw for the box and for the 2s orbital.

w4+ (bonding) w_ (antibonding)

\J /

2 2
I+ ; lw-| . density vanishes
between the nuclei
-4 -2 0 2 4 6 -4 =2 0 2 4 6
position along the axis (nuclei at dotted lines) position along the axis (nuclei at dotted lines)

Figure 9: Bonding and antibonding wave functions together with the probability density. The
antibonding orbital has a node between the nuclei.
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Molecular levels inside the two-well potential

_054 mtibonding)

—1.0 1 \ /E+ (bonding)

>
)
5 —1.5 1
c
(0]

—2.0 A

—-2.5 1

-6 -4 -2 0 2 4 6 8

position along the internuclear axis

Figure 10: Both molecular levels, drawn into the one-dimensional molecular potential.

4.6 Occupation rules: who sits in which orbital?

Up to this point we have only computed states. Which of them are actually occupied is governed
by the following, each with a clear historical source:

1. Exclusion principle (Pauli 1925 [6]): at most two electrons per orbital, with opposite
spin [7].

2. Energy minimization at 7' = 0: the ground state of the total system fills the orbitals
from the bottom up (the “Aufbau principle”, systematically formulated by Bohr for the
periodic table [8]).

3. Statistics at 7' > 0 (Fermi 1926 [10], Dirac 1926 [11]): at finite temperature, a state
of energy E is occupied with probability f(E) = [e(E=Fr)/ksT 4 1]_1 — the Fermi-Dirac
distribution, to which we return in Section 6.

An important remark on the logical status of these points: the third is not an independent
rule of its own. Fermi and Dirac derived the distribution f(F) by applying the general laws
of thermal equilibrium (which state of a system is most probable at temperature T') under the
constraint of point 1 — counting only those configurations in which no state holds more than its
allowed electrons. The exclusion principle is the physical input; the Fermi-Dirac distribution is its
statistical consequence. Point 2 is in turn contained in point 3 as the limit 7" — 0: there, f(E)
becomes a sharp step — everything below Er occupied, everything above empty — which is exactly
filling from the bottom up. The genuinely independent ingredients are thus only the exclusion
principle and ordinary thermodynamics.

Applied to our molecules:

o Hjy: 2 electrons — both in 94 (spin up/down). Both gain energy = stable bond.

e Hes: 4 electrons — two in ¢, two must, because of Pauli, go into ¢_. How large is S here?
Helium’s 1s orbitals are more compact than hydrogen’s, because the electron feels an effective
nuclear charge Zog ~ 1.7; the overlap formula then reads S(R) = e~ %l (1+ Z,gR+ @),
which at a hypothetical bond length of R ~ 1.5 a9 gives S = 0.45 — far from negligible. The
asymmetry of the splitting (denominators 1  S) therefore matters: the two electrons in )_

lose more energy than the two in ¢4 gain = no bond.
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In general one defines the bond order

BO — Nbonding _;antibonding . (12)

The table lists it for the classic diatomics, together with the measured dissociation energy D, —
the energy required to pull the molecule apart into two free atoms, i.e. the depth of the molecular
binding. If the bond-order picture is right, larger BO should mean larger D, — and it does:

Molecule bonding e~ antibonding e~ BO Finding

H, 2 0 1  stable

Heo 2 2 0  not bound
Ny 8 2 3 D.,~99eV
(o2} 8 4 2 D,~52eV
Fq 8 6 1 D.=1.6eV

The ezistence of the levels is provided by the Schrédinger equation; whether anything
useful comes of it is decided by the occupation (Pauli 4+ energy minimization + Fermi-Dirac
statistics). This interplay is exactly the same principle that will later distinguish metals
from insulators.

5 From molecule to solid: energy bands

5.1 The idea: N atoms = N levels

With two atoms, each atomic level split into two molecular levels. With three atoms it becomes
three, with four atoms four — and with N ~ 10?* atoms, N levels arise, all squeezed into an
energy window of finite width. The spacing of neighboring levels is then of the order of 10~23 eV —
immeasurably small. The levels practically merge into a continuum: an energy band (Figure 11).
The quantum-mechanical theory of electrons in the periodic potential of a crystal was founded in
1929 by Felix Bloch [17].

From discrete levels to a continuous band

band

>
o
—
Q
c
(7]

N=10%3

N=1 N=2 N=6 (crystal)

Figure 11: From N =1 via N =2 and N =6 to N — oo: the discrete level broadens into the
band.
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5.2 The chain of N atoms: the LCAO ansatz, take three

We now verify this claim by calculation — using the same ansatz as for the molecule. As a reminder:
for Hy we wrote ¢ = ca®4 + cgtp (equation 5). For a chain of N identical atoms at spacing a
we generalize literally:

N
V=> ¢y, (13)
j=1

where 1); is the orbital at atom j and the coefficients c¢; specify with what weight and sign each
atom contributes.

It helps to recall what distinguished the two molecular solutions: nothing but their coefficients.
In ¢4 both orbitals entered with the same sign, (ca,cp) o (1,1) — the wave function has no node
between the atoms. In t_ they entered with opposite signs, (c4,cp) (1, —1) — one node between
the atoms. Each solution was therefore characterized by a pattern of signs along the (two-atom)
chain, and the energy grew with the number of nodes in that pattern. For NV atoms we expect the
same: each solution will be one particular pattern (c1,co, ..., cy), ranging from all atoms in phase
(no nodes, lowest energy) to alternating signs from atom to atom (a node in every bond, highest
energy), with all gradations in between. Our task is to find which patterns actually solve the
Schrodinger equation, and with which energies. As before, let a = (1b;|H|1;) and 8 = (4| H [1);+1)
(coupling only between nearest neighbors; we neglect the overlap integral S for simplicity). This
model is called the tight-binding model (model of strongly bound electrons) [17].

Step by step

Step 1 — equation for the coefficients. We insert the ansatz into H 1) = E1p and project
onto the orbital at atom j (i.e., we multiply by v; and integrate). Of the sum, only three
terms survive — the atom itself and its two neighbors:

acj+ I} (Cj_l + Cj+1) = Ecj.

Why does this appear? It is nothing but the Schrédinger equation Hi = Ev, viewed from
the perspective of atom j: the right side is the total energy E times the weight c; that the
solution gives to atom j; the left side says where this energy contribution comes from — the
atom’s own level o, weighted with ¢;, plus the coupling 8 to whatever amplitude sits on
the two neighboring atoms. Atom j notices the rest of the chain only through c;_; and
¢j+1. That is one such equation per atom, so N coupled equations — the same structure as
for a chain of coupled pendulums.

Step 2 — wave ansatz. For chains of identical coupled elements, trying a wave that
advances by a constant phase from element to element is the standard tool of mechanics —
it solves the vibrating chain and the coupled pendulums alike. For electrons in the periodic
potential of a crystal, this ansatz was introduced by Felix Bloch in 1929 [17]; solutions of
this form are called Bloch waves in his honor. We try

¢j = eikia
a plane wave running from atom to atom with wavenumber k. Inserting:
aelkia t B(eik(j—na I eik(j+1)a) _ F oikia
Step 3 — canceling. We factor out ¢¥/% and divide by it:
a+ Be ke 4 etihey = B,

The j-dependence has disappeared — so the ansatz solves all N equations simultaneously.
With Euler’s formula e'* + e~ = 2cos z it follows that

| E(k) = a + 2B cos(ka). |
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Step 4 — which k£ are allowed? As for the particle in a box, the ends of the chain
turn the continuum into discrete values: there are exactly N allowed k-values, uniformly
distributed in the interval —7/a < k < 7/a (the Brillouin zone). N atoms, N states — the
bookkeeping works out.

Step 5 — consistency check with the molecule. At £ =0 all ¢; = 1: all atoms oscillate
in phase, nowhere a sign change — the maximally bonding combination, energy o + 25
(minimum, since 8 < 0). At k = m/a we have ¢; = €™ = (—1)7: the sign alternates from
atom to atom, a node in every bond — maximally antibonding, energy o — 23 (maximum).
The band interpolates continuously between the two extremes that we know from the
molecule (Figure 12).

band top: fully antibonding (k = £m/a)

2 .
g 1]
S =
[¥] <
xQ ) <
N o N a(atomiclevel)/ ... B
+ B
S °
[ s
Q Ko
T 17

-2 A .
band bottom: fully bonding (k= 0)

—n/a 0 n/a
wavenumber k

Figure 12: The dispersion relation F(k) = o + 28 cos(ka) of the atomic chain: bonding at the
bottom, antibonding at the top, bandwidth 4|5|.

The result confirms and sharpens the picture:

o The N allowed energies lie between o — 2|3| and « + 2|3|: the band has width 4|3|. Strong
overlap = wide band.

o From each atomic level (1s, 2s, 2p, ...) a separate band emerges. If the atomic levels lie far
apart and the bands are narrow, a forbidden region remains between the bands: the band
gap L.

A band is a “smeared-out” atomic level: lower edge = bonding, upper edge = antibonding,
width = 4|3]| (overlap of the orbitals). A band made of N atoms contains N orbitals and,
by Pauli, holds 2N electrons.

5.3 Density of states

Within a band the states are not distributed uniformly over energy. The density of states D(E)
specifies how many states are present per energy interval (Figure 13). For what follows it suffices
that D(E) > 0 within a band and D(E) = 0 in the band gap.
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[ pvalence band (occupied)
onduction band (empty)

gap
D(E)=0

density of states D(E)

T T T T

-2 -1 0 1 2 3
energy E

Figure 13: Density of states D(F): many states in the bands, none in the gap.

6 The Fermi level: who sits where?

6.1 Filling up according to Pauli

A crystal with N atoms and v valence electrons per atom must accommodate vIN electrons.
According to the occupation rules from Section 4.6, the states are filled from the lowest energy
upwards, each with at most two electrons. The energy of the last state occupied at T' = 0 is called
the Fermi energy Fr.

Once more, clearly, because it is often phrased incorrectly: Er is not a cause but a derived
measure. The physics lies in the occupation; EFr summarizes it in a single number. But because
the occupation and the position of Er determine each other uniquely, one may use Er as a
convenient read-off criterion — and that is exactly how we use it in what follows.

A simple count with far-reaching consequences:

e v =1 (e.g. sodium, one 3s electron): the 3s band offers room for 2N electrons, but is filled
with V = the band is half full. Er lies in the middle of the band.

e Even number of electrons per cell and no band overlap: all bands are either completely full
or completely empty. Er lies in the gap between the highest full band and the lowest empty
band.

6.2 Finite temperature: the Fermi distribution

At T > 0 the Fermi-Dirac distribution holds [10, 11]

1
HE) = Campy st 1

(14)

At F = Er we have f = %; the softening of the occupation edge has a width of a few kT
(kpT =~ 0.025¢€V at room temperature). This number — 25 millielectronvolts — is worth memorizing:
it is the yardstick against which all band gaps must be measured.

6.3 Numerical example: the Fermi energy of copper

In the simplest model (free electron gas: conduction electrons as particles in a macroscopic box,
Sommerfeld 1928 [16]), counting the states up to the density n (electrons per volume) yields:

h2
Er = —(37%n)

2/3
2m '

(15)
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Copper contributes one conduction electron per atom. To use this formula we need the
density n of mobile electrons — and for copper that number is far from obvious, because a copper
atom brings along 29 electrons. Their configuration is [Ar] 3d'° 4s', and in the crystal the three
groups of electrons play very different roles:

o The 18 core electrons (the argon shell) occupy compact inner orbitals close to the nucleus.
Neighboring atoms are simply too far away for these orbitals to overlap: their coupling g is
essentially zero, so by our band formula their “bands” have essentially zero width — they
remain sharp atomic levels, completely filled, and their electrons stay with their atom.

e The ten 3d electrons reach out further; their orbitals do overlap moderately, and they form
genuine bands. But five d orbitals per atom provide, by Pauli, room for exactly ten electrons
per atom — and copper delivers exactly ten. The d bands are therefore completely filled, and
a completely filled band, as Section 7.1 will show, carries no current.

o The single 4s electron lives in the outermost, most extended orbital. It overlaps strongly with
the neighbors (large |3|, wide band), and the resulting band offers room for 2N electrons
while only N arrive: the band is half filled.

Of the 29 electrons per atom, exactly one therefore ends up in a partially filled band. This is
the conduction electron, and hence n equals the density of atoms.

Step by step

Step 1 — electron density n. Copper has mass density p = 8.96 g/cm?® and molar mass
M = 63.5g/mol. The atomic density is therefore

pNa 896 x 103kg/m® x 6.02 x 10?3 mol

= ~ 8.5 x 10 m™3.
Hatoms = T r 63.5 x 10~3 kg/mol e

With one conduction electron per atom, n = Natoms-
Step 2 — intermediate quantity (37r2n)2/3.

310 ~ 29.6 x 8.5 x 10 m ™3 ~ 2.5 x 10 m ™3 = (372n)?/3 ~ 1.86 x 10*°m 2,
Step 3 — inserting.

(1.055 x 10734 Js)?

= 1.86 x 10 m 2 ~ 1.1 x 1078 J ~ TeV.
2x 911 x 1031 kg o000 ® . ¢

Er

The literature value is Ep(Cu) = 7.0eV — the simple model does astonishingly well.

The degenerate electron gas. An electron system in this state — occupation dictated by the
Pauli principle rather than by temperature — is called completely degenerate. (The word has
nothing to do with “degenerate energy levels”; here it labels a regime of quantum statistics.) What
lies behind the term: a classical gas, upon cooling, would let all particles sink into the lowest state.
An electron gas cannot do that, because Pauli allows only two electrons per state; the electrons are
forced to stack up to Er, and even at T' = 0 the topmost ones carry the enormous kinetic energy
of ~ 7eV. One defines the Fermi temperature Tp = Ep/kp ~ 8 X 10 K: only at temperatures
of this order would the electron gas behave classically. At room temperature, T'/Tr ~ 0.004 —
only a wafer-thin window of ~ kpT around EF is thermally redistributed, while the remaining
99.9...% of the electrons are frozen in the Pauli stack. A system this cold, measured against T,
has practically the entire structure of its occupation determined by the Pauli principle and not by
the temperature — and that is precisely the regime the word degenerate refers to.
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7 Electrical conductivity

7.1 Why a full band does not conduct

The central, often surprising point: having many electrons is not enough. In every band, to each
right-moving state (+k) there belongs a mirror-image left-moving one (—k) with the same energy
— one sees this directly from our band formula, since the cosine is an even function:

E(—k) = a+ 2B cos(—ka) = a + 2[ cos(ka) = E(k). (16)

If the band is full, +k and —k are occupied pairwise without exception; all electron currents
cancel exactly. An electric field would like to shift the electrons towards slightly higher 4+k values
— but every target state is already occupied, and Pauli forbids double occupation. The electrons
cannot move aside: net current zero. This explanation of why insulators exist at all is due to
A.H. Wilson (1931) [18].

If, on the other hand, the band is only partially filled, free places lie directly above the occupied
states. The field can make the occupation asymmetric (more +k than —k) — current flows.

7.2 Can the conductivity be calculated?

Yes — and the calculation also answers the obvious question of whether “how hard it is for the
field to reach free states” is the measure of conductivity. The answer is twofold, and the dividing
line is instructive:

o Whether free neighboring states are reachable at all decides the number of mobile charge
carriers n. In a metal the next free state costs arbitrarily little energy — the field has a
trivially easy time. In a semiconductor the gap must first be overcome (thermally or by
doping) — here lies the “difficulty”, and it enters exponentially.

e How much current the available carriers then transport is limited not by the field but by
scattering: collisions with lattice vibrations and defects slow the electrons down again after
a mean collision time 7.

Both together yield the famous formula of Drude [19], which Sommerfeld later underpinned
quantum mechanically [16]:

Step by step

Step 1 — balance of forces. A field £ exerts the force —e€ on each electron and accelerates
it. On average, an electron is scattered after the collision time 7 and “forgets” its extra
velocity. In the steady state it therefore carries the mean drift velocity
acceleration x time  e€
— T

’UD: =
1 m

The same result deserves a translation into the band picture, because there it shows which
electrons actually carry the current. In k-space the occupied states of a metal fill a sphere of
radius kr, the Fermi sphere — the three-dimensional version of “all states from —kp to +kp
are full”. A field changes every electron’s wavenumber at the rate hdk/dt = —e€ (this is
Newton’s second law, with Ak playing the role of momentum), so between two collisions the
entire sphere drifts by 0k = e£7/h to one side; scattering keeps it in this slightly displaced
steady position. The sphere is then no longer centered at k£ = 0, and the pairwise +k
cancellation fails at the surface: on the leading side, a thin crescent of states is occupied
whose mirror partners on the trailing side are now empty. Everything deeper inside the
sphere still cancels pairwise — the net current is carried entirely by that uncompensated
crescent of electrons near Ep. The displacement is tiny (0k/kp ~ 10710 for ordinary fields),
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which is why the response is linear in £: Ohm’s law.
Step 2 — current density. n carriers per volume with charge —e and velocity vp give

7’L€27' TL627'

& = o=

j=nevp =

Step 3 — numerical check for copper. With n = 8.5 x 102¥ m™3 and the collision time
(known from measurements) 7 ~ 2.5 x 1071 s:

8.5 x 1028 x (1.60 x 10719)2 x 2.5 x 10714 1 .
= — ~6x10"S
7 9.11 x 10-31 Om =~ 6% 1078/m,

in good agreement with the measured value oc, = 5.96 x 107 S/m.

The formula o = ne?7/m sorts the material classes cleanly: between metals and insulators,

7/m varies only by small factors — what varies by more than twenty orders of magnitude is n.
That is why the question “How hard is it for electrons to reach free states?” really is the question
— but it acts through the carrier density n, not through the force exerted by the field.

7.3 Metal, semiconductor, insulator

With this, the classification is complete (Figure 14), historically first formulated by Wilson [18]:

o Metal: Ep lies in a partially filled band (or bands overlap). Free neighboring states exist
at every temperature = good conductor.

e Semiconductor: full valence band, empty conduction band, separated by a moderate
gap (Ey ~ 0.1-3eV). Thermal excitation across the gap is rare but possible; doping helps
massively.

« Insulator: the same situation with a large gap (E, 2 4€V). Thermal excitation is practically
impossible.

Metal Semiconductor Insulator

energy

Er inside a band small gap Eg <3 eV large gap Eg = 4 eV

Figure 14: Band diagrams of a metal, a semiconductor, and an insulator. The difference between
semiconductor and insulator is only the size of the gap.

The origin of the names valence band and conduction band. Both names describe the
role of the states, not their origin in the calculation. Valence band (from Latin valentia, worth or
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capacity): it arises from the bonding combinations of the valence orbitals — that is, from precisely
those electrons which in chemistry determine the valence of an element and carry the covalent
bonds. Conduction band: the next higher band, whose electrons — if any get into it — are freely
mobile and conduct the current.

Here a clarification is needed. The often-heard statement “in the ground state the conduction
band is empty” holds in this form only for the ideal semiconductor or insulator at T = 0. More
precisely:

e At T > 0 the conduction band of a semiconductor is always occupied by some thermally
excited electrons. For pure silicon this is not merely a theoretical statement but a measured
fact: the intrinsic carrier density was determined from conductivity and Hall measurements
on high-purity crystals by Morin and Maita in 1954 [20]; the modern precision value at
300K is n; ~ 1.0 x 101m™3 (1.0 x 10'% cm—3) [21]. The same order of magnitude follows
from our own formula: with the effective densities of states of silicon, N, ~ 2.8 x 10%> m—3
and N, ~ 1.0 x 102 m=3, one gets n; = VNoNy e Fo/2k5T 1.7 x 102 x 3 x 10710m ™3 ~
5 x 10 m~3. This is tiny compared to the ~ 102 m~3 valence electrons — but not zero.

e In doped semiconductors the conduction band is populated even at low temperatures
(Section 8).

o For metals the distinction loses its meaning: the partially filled band ¢s simultaneously
valence and conduction band — there, the “conduction band” is already partially occupied in
the ground state.

Both bands are genuine, distinct solutions of the Schrédinger equation — the valence band of
predominantly bonding, the conduction band of predominantly antibonding character — and not
shifted copies of each other.

7.4 Numerical example: why the gap size acts so dramatically

For a pure (intrinsic) semiconductor, the density of thermally generated charge carriers scales as
n; o e Fa/2kBT (17)

Where does the factor 2 come from — and does it always hold? It does not hold for every system; it
is a property of the intrinsic case: there, every excitation creates a pair (electron in the conduction
band + hole in the valence band). From n = p and the law of mass action np oc e~ Fo/k8T taking
the square root yields equation (17) — the gap energy is, in a sense, shared between two particles.
Equivalently: the Fermi level then lies (for similar densities of states of valence and conduction
band) near the middle of the gap, and each electron only has to overcome half the gap starting
from Er. In general — in particular in the doped semiconductor, where Er lies somewhere else

entirely — one has instead
n o 6_(EC_EF)/kBT’ (18)

with the conduction band edge E.: the exponent always contains the distance between Er and
the band edge, and only in the intrinsic special case is this distance ~ E,;/2. (If the effective
masses of electrons and holes are very different, Er shifts somewhat away from the middle of the
gap even in the intrinsic case — the correction is logarithmically small.)

For the intrinsic comparison at room temperature (kg7 = 0.025€eV):

Material E, e~ Ea/2kBT

Silicon 1.1eV e 22 x~3x 10710
Diamond 5.5¢eV e 110 10748
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The difference of a factor of 5 in the gap becomes, in the exponent, a factor of ~ 1038 in the
charge carrier density. That is why silicon is a (weak) conductor and diamond, for all practical
purposes, a perfect insulator — although both have the same crystal structure and the same number
of valence electrons.

7.5 What an external field does

An applied voltage tilts the electrostatic potential and with it the band edges (Figure 15). Ewxisting
free charge carriers then drift downhill — quantitatively described by o = ne?r/m from above.
The tilting alone, however, creates no charge carriers: in an insulator, nothing happens beyond
dielectric polarization.

Semiconductor under bias: bands and wells are tilted

electron drifts

energy

—— atomic potential wells (tilted)
= conduction band edge
- yalence band edge

0 2 4 6 8 10 12
position (external voltage applied)

Figure 15: Semiconductor under an applied voltage: potential wells and band edges are tilted;
existing charge carriers drift.

8 Doping: shifting the Fermi level deliberately

8.1 The principle

If one replaces isolated atoms in silicon (4 valence electrons) with phosphorus (5 valence electrons),
one electron per foreign atom is left over that finds no bond. It is only weakly bound to the (singly
positively acting) phosphorus ion — a “hydrogen atom inside the crystal”.

8.2 Calculation: the binding energy of the donor electron

Step by step

Step 1 — starting point. For hydrogen we know the binding energy F; = 13.6eV and
know from the derivation how it depends on the fundamental constants: in SI units,

me4

m
= —F——m—= —.
LT 2(4meg)2R2 > 2

Step 2 — what changes in the crystal. Exactly two ingredients:

e The Coulomb field is screened by the polarizability of the crystal: ¢y — .69 with
e, ~ 12 for silicon. Because of E « 1/¢2, this weakens the binding by a factor of
122 = 144.
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e The electron moves in the periodic potential like a particle with effective mass
m* ~ 0.3m, (the band curvature replaces the free mass). Because of E o« m, this
weakens the binding by a factor of 0.3.

Step 3 — applying the scaling.

m*/me 0.3

Ep ~13.6eV x 5— = 13.6eV x — =~ 0.03eV = 30meV.
£2 144

The measured value for phosphorus in silicon is 45 meV — the rough estimate hits the right
order of magnitude. For comparison: kg1 =~ 25 meV at room temperature.

\. J

The donor level thus lies only ~ kpT below the conduction band edge: already room tempera-
ture ionizes practically all donors, and their electrons populate the conduction band. The Fermi
level thereby moves up close beneath the conduction band edge (n-type). Mirror-symmetrically,
acceptors (B, Al: only 3 valence electrons) create shallow empty levels just above the valence
band; they capture valence electrons and leave behind mobile holes (p-type).

Doping does not change the bands, but the occupation — and thus the carrier density n in
o = ne?r/m. Parts-per-million fractions of foreign atoms change the conductivity by many
orders of magnitude — the foundation of all semiconductor technology.

9 Outlook: further conduction mechanisms

Band conduction in crystalline solids is the most important, but not the only mechanism:

« Hopping/polaron conduction in disordered and organic solids (electrons hop between
localized states),

e Ionic conduction in electrolytes and solid-state ionic conductors,
« Ballistic conduction in nanostructures (no collisions over the length of the sample),
e Percolation in composite materials,

e Superconductivity below a critical temperature.

All of these ultimately rest on the same foundation: the quantum-mechanical permission or
prohibition of states and the statistics of their occupation.
10 Summary
The common thread once more, in five steps:

1. Confinement quantizes (Schrodinger 1926). The particle in a box and the Coulomb
potential of the atom yield discrete energies; for hydrogen E,, = —13.6eV /n?.

2. Coupling splits (Heitler-London 1927). Two overlapping orbitals yield a bonding level
(E4, density between the nuclei) and an antibonding level (E_, node between the nuclei);
splitting =~ 2|4].
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3. Many couplings yield bands (Bloch 1929). The LCAO ansatz with N terms yields

E(k) = a+ 2B cos(ka): a band of width 4|3|, bonding at the bottom, antibonding at the
top, with possible gaps between the bands.

4. Pauli fills the bands (Pauli 1925, Fermi/Dirac 1926). The number of valence electrons

determines the occupation; the Fermi level summarizes it as a single characteristic number
and lets us read off the conduction behavior: Er in a band or in a gap?

5. Current needs free neighboring states (Wilson 1931). Full bands do not conduct (+k

pairs); partially filled bands conduct with o = ne?r/m. Temperature, doping, and fields
only shift charge carriers and thus the occupation — the bands themselves come from the
Schrédinger equation.

The entire phenomenology of metals, semiconductors, and insulators thus follows from a single

equation — the Schrédinger equation — together with the Pauli principle, which fills its solutions
up to the Fermi level.
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